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Abstract
Topological materials are one of the lead candidates for developing
viable noise resilient quantum computers. The properties that make
these materials so suited to the task include their degenerate ground
states and anyonic excitation statistics. However, it is often the case
that the more exotic the statistics are the more complex the under-
lying Hamiltonian is. This can make them challenging to work with.
Alternate representations of these Hamiltonians can prove useful in
solving the systems and investigating the behaviour of their physical
observables.
This thesis explores the construction and advantages of alternate rep-
resentations of certain topological quantum systems. Initially, unitary
transformations are presented, which map the Z2 surface code and
toric code to free fermions and fermions coupled to global symmetry
operators, respectively. The methods presented in this thesis could be
employed to find possible free fermion solvable descriptions of other
more complex interacting topological systems. It also is found that
the Kitaev honeycomb model has an effective geometric description in
terms of massless Majorana spinors obeying the Dirac equation em-
bedded in a Riemann-Cartan spacetime. This description is shown
numerically to be faithful for the low energy limit of the model, pre-
dicting the response of two-point correlations to variations of the cou-
pling parameters of the model. These results suggest that geometric
descriptions of topological materials could provide useful insights into
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has an eigenvalue of +1. (Right) An e anyon is braided around an
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What do quantum computers and kids these days have in common? They are
both too sensitive. The quantum computers of today have been dubbed Noisy
Intermediate Scale Quantum (NISQ) computers Preskill (2018). This is due to
their size and susceptibility to external noise, which can destroy the delicate
superpositions essential for quantum computation. This noise could be due to
imperfect interactions with the system, such as when performing operations or
reading data. Alternatively, it could be an inability to protect the qubits from
temperature fluctuations or other forms of radiation. Despite these issues Google
recently unveiled Sycamore, a 54-qubit quantum processor. This has since proved
to be sufficient to realise quantum supremacy Arute et al. (2019), a significant
achievement in the development of useful quantum devices. However, many of
the accomplishments of the last decade have been down to advancements in engi-
neering. We are now able to control qubits and isolate them from external noise
more effectively. They are still the same inherently sensitive qubits though.
Topologically ordered materials are being studied as possible candidates for a
fundamentally different approach to quantum computing. These materials could
be used as quantum memories, providing topological protection to information en-
coded in logical qubits Dennis et al. (2002). The exotic anyonic statistics of their
excitations can be used to encode the quantum logic gates necessary for quantum
computation. In fact some non-Abelian anyons, such as Fibonacci anyons, have
been found to be universal for quantum computation Mong et al. (2014). The
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exchange statistics of such anyons are sufficient to encode any possible unitary
operation on the logical qubits of the system Nielsen & Chuang (2011).
Due to the complexity of topologically ordered materials it is often unclear
from the defining Hamiltonian what their properties are and whether their dy-
namics is even solvable. Finding alternative representations of these systems can
provide useful insight into the solvability and allow one to make predictions about
the physical observables of the model. This thesis explores construction and ad-
vantages of alternate representations of topologically ordered systems. The first
half (Chapters 2, 3 and 4) examines models with possible free fermion repre-
sentations. This could help produce exact solutions of the models. The second
half (Chapters 5 and 6) considers effective descriptions of the continuum limit of
topologically ordered systems. These descriptions are useful for predicting the
behaviour of physical observables of the models in the low energy limit.
Chapters 2, 3 and 4
A striking feature of topological many-body systems is their ability to exhibit
collective phenomena without analogue in their constituent particles. Many in-
vestigations into exotic statistical behaviours focus on topologically ordered sys-
tems Wen (1990) that support anyons Leinaas & Myrheim (1977); Wilczek (1982).
Although some properties associated to topological phases of matter can occur
in systems of free fermions, their emergence is generally associated with inter-
actions between particles. One of the difficulties of working with such systems
however is that interactions between particles can make them extremely complex
and hard to solve. Systems, such as the spin liquids Anderson (1987) and the
fractional quantum Hall states Tsui et al. (1982), exemplify the effects of interac-
tions in many-electron systems. On the other hand, there are systems which can
be modelled by free fermions, making them exactly solvable, that exhibit many
of the unique properties of topological phases of matter that make them so inter-
esting. For example, Kitaev’s honeycomb model Kitaev (2006) supports ground
state degeneracies and exotic topological excitations in the form of Majorana zero
modes Ivanov (2001); Read & Green (2000).
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Identifying models with free fermion representations will allow us to better
understand the emergence of properties such as anyonic excitations and degen-
erate ground states in these complex topological systems. Chapter 3 uses the
measure of interaction distance DF Turner et al. (2017) to study the role of inter-
actions in topological states of matter in (2+1)−dimensional string-nets Levin &
Wen (2005) and 3+1−dimensional Walker-Wang models Walker & Wang (2012).
This work was published as part of Meichanetzidis et al. (2018). Interestingly, all
of the states studied supporting non-Abelian anyons are found to be interacting,
suggesting interactions are necessary for the emergence of non-Abelian excitation
statistics in these fixed point stabilizer Hamiltonians. This contrasts with the
Kitaev honeycomb model, which supports Ising anyons and has a representation
in terms of free fermions coupled to a Z2 gauge field. States with free fermion
representations are also identified, including the states of the toric code Browne
(2014); Kitaev (2003); Resende (2017) and its open boundary version, the Z2 sur-
face code Bombin & Martin-Delgado (2007); Bravyi et al. (2017). These models
have been the test-bed for numerous investigations of condensed matter phenom-
ena as well as quantum information applications Brown et al. (2016); Fowler et al.
(2012); Kitaev & Laumann (2009). The main reason for the popularity of the
toric code is that it is an exactly solvable model that has eigenstates with non-
trivial topological entanglement entropy Hamma et al. (2013), able to support
Abelian anyons, exotic quasiparticles that can fault-tolerantly encode and ma-
nipulate quantum information. An important feature of this topological model is
that it is relatively simple, with the anyonic statistics and fusion rules emerging
directly from the algebraic properties of Pauli matrices. At the same time the
toric code enjoys many applications. It can be used as a fault tolerant quan-
tum memory protecting against spurious local perturbations Wootton & Pachos
(2011), it can perform topological quantum computation resilient against con-
trol errors Kitaev (2003), or it can encode more complex anyonic models such as
Majorana fermions at lattice defects Brown et al. (2017); Wootton (2017).
The toric code has been experimentally simulated with highly entangled four-
photon GHZ states Pachos et al. (2009) and the four-body interaction has been
physically realised with Josephson junctions Gladchenko et al. (2009); Terhal
et al. (2012). However, it has been argued that the Hilbert space of the toric
3
code, in the presence of an external magnetic field contains a low energy subspace
that can be described effectively by hopping fermionic excitations coupled to a Z2
gauge field Levin & Wen (2003). This gauge field does not introduce interactions,
but encodes the exotic statistics of the excitations.
Chapter 4 presents local unitary transformations from the Z2 surface and
toric code to a free fermion system and a system of free fermions coupled to
an interacting parity operator, respectively. It also explores how the anyonic
statistics of the models are encoded in the free fermion modes. This work was
published in Farjami (2020). Previous works studying transformations of the toric
code include the paper Brown et al. (2011), where the authors provide a duality
mapping from a cluster state on an N × N lattice to the toric code on an N ×
(N−1) lattice. The cluster state can be mapped to individual spin Hamiltonians,
which are equivalent to free fermions. The mapping to the toric code takes some
of the cluster state’s boundary terms to stabilizers of non-contractible loops in
the toric code, thus removing the degeneracy of the ground state. In addition,
the paper Nussinov & Ortiz (2009) maps the toric code onto decoupled Ising
chains, and the papers Jamadagni et al. (2018); Tagliacozzo & Vidal (2011) give
duality mappings, built from CNOT gates, from the toric and surface code in the
presence of external magnetic fields to Ising models.
Chapter 2 provides background on general anyon models, lattice models, and
interactions in quantum many-body systems used in the study of interaction
distance and alternative representations of the surface and toric code in Chapters
3 and 4.
Chapters 5 and 6
The Kitaev model is an important model of topological superconductors. It has
been the focus of much research since its introduction by Kitaev in Kitaev (2006).
It is a model of spin-1/2 particles on a two dimensional honeycomb lattice. The
Kitaev honeycomb model is both topologically ordered in the sense that it can
support anyonic excitations and it is a topological phase with a non-trivial Chern
number Kitaev (2006). Kitaev demonstrated that the model is exactly solvable
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as it has a representation in terms of free fermions, which provides the oppor-
tunity to analytically probe its anyonic properties Lahtinen et al. (2008), its
topological edge currents Self et al. (2017), and to investigate its finite tempera-
ture behaviour Lahtinen & Pachos (2010); Lahtinen et al. (2012); Nasu & Motome
(2015); Nasu et al. (2014, 2015); Self et al. (2019). Moreover, many features of the
Kitaev honeycomb model are recognised in experimentally realisable materials,
such as complex iridium oxides Chaloupka et al. (2010); Choi et al. (2012); Jackeli
& Khaliullin (2009) or ruthenium chloride Banerjee et al. (2016). This makes the
KHLM of interest to numerous theoretical and experimental investigations.
The first part of Chapter 5 focuses on the Kitaev honeycomb model discussing
many of its interesting properties such as its free fermion representation, the any-
onic excitations Ivanov (2001); Read & Green (2000) and phase diagram Kitaev
(2006). It also studies the continuum limit, or low energy limit, of the isotropic,
homogeneous version of the model, which is equivalent to a Dirac equation em-
bedded in a flat (2 + 1)−dimensional Minkowski spacetime.
It is known that topological superconductors can have an effective interpre-
tation in terms of curved geometry. For example, it has been shown in Golan
& Stern (2018) that the continuum limit of a spinless p-wave superconductor on
a square lattice minimally coupled to an electromagnetic field, takes the form
of a Dirac Hamiltonian defined on a Riemann-Cartan spacetime Carroll (2003);
Hehl & Datta (1971); Nakahara (2003). Riemann-Cartan geometry also arises in
the theory of defects in lattices, where disclinations and dislocations in the con-
tinuum limit are described by curvature and torsion, respectively de Juan et al.
(2010); Katanaev & Volovich (1992). This has been investigated in strained
graphene de Juan et al. (2010, 2013); Wagner et al. (2019). On the other hand,
the fractional quantum Hall (FQH) states have been shown to exhibit a universal
response to variations of lattice geometry, leading to many fruitful investigations
of an interplay between the topology and ambient geometry of these strongly-
correlated systems Abanov & Gromov (2014); Avron et al. (1995); Bradlyn &
Read (2015); Can et al. (2014); Gromov & Abanov (2014); Gromov & Son (2017);
Gromov et al. (2015); Haldane (2009, 2011); Hughes et al. (2011); Klevtsov &
Wiegmann (2015); Read (2009); Wen & Zee (1992); Wiegmann (2018).
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Nevertheless, it is not known how accurately Riemann-Cartan geometry can
describe the behaviour of actual microscopic, solvable lattice models. Chapter 6
studies the continuum limit of the Kitaev honeycomb model in a variety of cou-
pling regimes deriving a geometric description of the model in terms of Majorana
spinors obeying the Dirac equation embedded in a non-trivial Riemann-Cartan
spacetime with curvature and torsion. It is important to note that this geome-
try emerges purely from distortions in the couplings of the system and not from
the geometry of the lattice itself, as with many of the FQH studies above. This
Riemann-Cartan picture has an associated metric describing a distortion of space
proportional to the coupling parameters of the model. The Kitaev model is ex-
actly solvable, which provides the opportunity to numerically verify this metric by
studying the behaviour of two-point Majorana quantum correlations in different
coupling regimes. This work was published in Farjami et al. (2020).
The second part of Chapter 5 provides necessary background for Chapter 6,
detailing the components of (2+1)−dimensional Riemann-Cartan geometry Car-
roll (2003); Nakahara (2003) including the dreibein and spin connection defining
non-trivial metric, curvature and torsion.
Chapter 7
Chapter 7 reviews the results presented in Chapters 3, 4 and 6. Potential avenues
of future investigations are discussed.
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Chapter 2
Background 1: Anyons, Lattices
and Interactions
This chapter provides background on lattice models with anyonic excitations and
interactions in many-body systems. It starts by introducing the theory of anyons
in Section 2.1. Fusion and braiding operations are defined, which encode the
exotic statistics of these particles that make them useful for quantum computa-
tion. The Z2 surface code and toric code are presented in Section 2.2 as specific
examples of lattice models supporting anyonic excitations. The statistics of these
excitations are explored along with an interpretation of the surface code and
toric code as stabilizer codes or quantum memories. It is discussed how quan-
tum information can be encoded and protected in these codes. This provides the
background for Chapter 4, which explores free fermion representations of these
codes. Section 2.3 then gives a overview of the general formulation of string-nets
and Walker-Wang models. These models are built from the fusion and braiding
operations introduced in Section 2.1. The form of the reduced density matrix
of string-net and Walker-Wang states is also presented. Finally, Section 2.4 dis-
cusses interactions in quantum many-body systems. The properties of the energy
and entanglement spectrum of free fermion systems are described and used in
order to define the interaction distance Turner et al. (2017). This provides the
necessary background for Chapter 3, which uses the interaction distance to iden-




āa da= a =
Figure 2.1: (Left) A diagrammatic representation of anyons in terms of oriented
strings of given charge. (Right) The quantum dimension da is represented by a
loop of charge a, which is equivalent to the creation of a pair a and ā from the
vacuum and fusion back to the vacuum.
2.1 Anyon models
Anyons are emergent quasiparticles of (2 + 1)−dimensional topological systems.
They have a variety of interesting properties such as spins that can take on any
value Bonderson (2007). These properties lead to exotic braiding and fusion
statistics, discussed in this section, which make anyonic systems an excellent
candidate for quantum computing. Anyons created in a particular fusion state
are manipulated through fusion and braiding operations, which act as quantum
gates Fan & de Garis (2010). Braiding of anyonic charges in non-Abelian models
can lead to non-trivial evolutions of fusion states. For certain non-Abelian anyon
models these operations are sufficient for universal quantum computation Mong
et al. (2014). Quantum computation based on anyon models also have a degree
of topological protection. Braiding operations do not depend on the specific path
taken, so small deformations to the path have no effect on the encoded quantum
information.
This section is broken down as follows. Section 2.1.1 presents the fusion rules
of anyon models in terms of F -moves and defines the fusion and splitting states of
sets of anyons. Section 2.1.2 discusses the braiding of anyons in terms of R-moves.
A useful diagrammatic representation of anyons in terms of oriented strings




An anyon model has a finite set of anyons or anyonic charges C = {0, a, b, c, ...}
given by the irreducible representations of a group G Bonderson (2007); Pachos
(2012). It is useful to employ a diagrammatic representation of these anyon
models. Each anyonic charge in C corresponds to a string with a given orientation,
shown in Fig. 2.1 (Left). These can be considered as worldlines in 2+1 dimensions
with time pointing downwards. Fusion of a pair of anyons equates to bringing
two anyons together and observing their collective behaviour. The anyons in C






where N cab is the fusion multiplicity, denoting how many distinct ways a and b fuse
to give c. Thus, fusion multiplicities are non-negative integers. Abelian anyons




ab = 1 if a or b is Abelian. If there
exists some a, b, c ∈ C such that
∑
c
N cab > 1 (2.2)
then the set C and the fusion algebra (2.1) describe a non-Abelian anyon model. In
each anyon model there exists a single vacuum charge 0 ∈ C which fuses trivially
with all other anyons, N ba0 = δab. The vacuum charge is often represented by an
empty string. Each anyon a ∈ C also has a unique antiparticle pair ā ∈ C with
which it fuses to the vacuum, N0ab = δbā. The a and ā anyonic strings are related
by a flipping of orientation, as shown in Fig. 2.1 (Left).
Products of anyons have fusion and splitting Hilbert spaces. States in the
Hilbert space correspond to specific fusion and splitting processes. For example,
take the product a × b = ∑cN cabc. Each possible fusion channel corresponds to
a state
|a, b; c, µ〉 ∈ Hcab, 〈a, b; c, µ| ∈ Habc (2.3)
where µ = 1, ..., N cab labels the way in which a fusion or splitting outcome is
achieved, while Hcab and Habc are the fusion and splitting Hilbert spaces, respec-












|a, b; c, µ⟩









Figure 2.2: A diagramatic representation of the fusion (Top) and spliting (Bot-
tom) states (2.3). Included are normalisation factors in terms of the quantum













Figure 2.3: A diagramatic representation of the F -moves (2.6).
of anyon strings shown in Fig. 2.2, where the quantum dimension da are taken
to be normalisation factors and are discussed later in this section. The states
(2.3) form an orthonormal basis for the fusion and splitting spaces. Additionally,
states corresponding to different fusion outcomes are orthogonal to one another,
〈a, b; c, µ|a, b; d, ν〉 = δcdδµν . This ensures that a pair of anyons a and b created
from c via the mechanism µ must also fuse to c via µ, unless some non-trivial
operation is applied, such as a braiding, discussed in 2.1.2. These spaces have
dim(Hcab) = dim(Habc ) = N cab. 1
Consider now the fusion space Habcd of three anyons a, b and c fusing to d.
This can be broken down into the fusion of a and b to e and the subsequent fusion






1All Abelian and non-Abelian anyon models considered in this thesis have N cab ≤ 1 for all


























Figure 2.4: A diagramatic representation of the Pentagon equation (2.8).
where the direct sum runs over all possible anyons e from the fusion of a and






ec and an orthonormal basis of states
defined by
|a, b; e〉 |e, c; d〉 , (2.5)
where the tensor product symbol is missed out. However, the order in which
anyons are fused could be rearranged. Each ordering corresponds to a different
basis of states. One may map between these basis with isomorphisms called
F -moves defined as





f |b, c; f〉 |a, f ; d〉 . (2.6)
These are unitary matrices. A diagrammatic representation of these moves is
given in Fig. 2.3.
This process of breaking down fusion and splitting spaces generalises to larger








where the sum runs over all in between fusion outcomes possible given the fusion









Figure 2.5: A diagramatic representation of the R-moves (2.11).
other with some composition of F -moves. Any two sequences of F -moves which
both map between the same specific fusion orderings must be equivalent. As






















This equivalence is demonstrated in Fig. 2.4.
An important quantity in anyon models is the quantum dimension da of each
anyon a. It is a measure of how fast the dimension of the fusion or splitting
Hilbert space grows as anyons are added to the system. For a large number, n,
of a anyons the dimension of the Hilbert space is dim(
∑
bHbn−1a...a ) ∼ dna . These






The quantum dimension da has a diagrammatic representation equivalent to the
creation of a pair a and ā from the vacuum and fusion back to the vacuum as
shown in Fig. 2.1 (Right). This agrees with the normalisation factors in Fig. 2.2.





2.1.2 Exchange and Braiding
A pair of anyons a and b are exchanged by the unitary braid operation Rab. These
operators are called R-moves. They act on the fusion states as































Figure 2.6: A diagramatic representation of the Hexagon equation (2.13).
where Rcab defines the action of Rab on a particular fusion state. A diagrammatic
representation of (2.11) is given in Fig. 2.5.
The exchange Rcab is equivalent to rotating a and b anticlockwise and c clock-
wise by π Pachos (2012). The clockwise rotation of a spin s particle by φ produces
the phase e−iφs. Therefore,
Rcab = e
iπsaeiπsbe−iπsc , (2.12)
where sa, sb and sc are the spin of a, b and c, respectively. Thus, the exchange of
a particle with its antiparticle pair is equivalent to one full anticlockwise rotation,
R0aā = e
i2πsa , and exchange with the vacuum charge is trivial, Raa0 = 1.
Similar to the pentagon equation for F -moves alone, the F -moves andR−moves



















This ensures that any two sequences of F -moves and R-moves which both map
between the same specific string configurations are equivalent. This equivalence
is demonstrated in Fig. 2.6.
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Figure 2.7: A diagramatic representation of the S-tensor (2.14).
Another important quantity is the S-tensor. The elements of which are defined

















A diagrammatic representation of this tensor is shown in Fig. 2.7. A non-zero
element Scab implies that braiding two charges a and b can map non-trivially
between fusion states |a, ā; 0〉 |0, b; b̄〉 and |a, ā; c〉 |c, b; b̄〉.
Anyons can be used to perform quantum computation. Quantum information
is encoded in the fusion states of the anyons and braiding operations act as
quantum gates mapping between fusion states. As all Abelian anyons have unique
fusion outcomes braiding cannot change their fusion states. Therefore, Sc 6=0ab = 0
for any Abelian anyons a, b and c. This implies Abelian anyons are not sufficient
for universal quantum computation, as braiding Abelian anyons produces only
phases. Non-Abelian anyon models such as Fibonacci anyons are able to achieve
universal quantum computation Mong et al. (2014).
2.2 The Surface and Toric Code
This section presents a brief review of the Z2 surface Bombin & Martin-Delgado
(2007); Bravyi et al. (2017) and toric code Browne (2014); Kitaev (2003); Resende
(2017). These are equivalent models in the bulk with distinct boundary condi-
tions. This provides necessary background for work presented in Chapters 3 and
4. Section 2.2.1 presents the Hamiltonian of the model, introducing the vertex
and plaquette operators. Section 2.2.2 shows that the excitations of the model are
Abelian anyons by studying their fusion and exchange statistics. Finally, Section
2.2.3 discusses the interpretation of the toric code as a quantum error correcting
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